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ABSTRACT

This study focused on “Methods of finding all factors of a natural number". The study was designed to show the simplest and
precise methods of finding all factors of a natural number, and to point out the advantages of the simplest and precise methods of
finding all factors of a natural number. The study found that the SPAM method and the method of using REM formulas are simple
and precise methods to find all factors of a given natural number. By applying the preliminary concepts for the simplest and precise
methods of finding all factors of a natural number, methods of finding all factors of a natural number, i.e. the SPAM method and
method of using REM formulas, were developed in this study.
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1. INTRODUCTION

When we deal with a set of natural numbers, the concept of factors of a certain natural number is
remembered (Tomas, 2022). We frequently apply the concept of factors of a certain natural number for our
day — to — day activities (MOE, 2010).

A natural number x is said to be a factor or divisor of a natural number y if and only if x divides y. It
is simple to find all factors of a small natural number using thinking skill (Nagell, 2021). But it is difficult
to find all factors of a large natural number using thinking skill (Tizazu, 2022). For instance; to list out all
factors of 1,000,000, we need to test 1,000,000 is divisible or not divisible by a number from 1 to 1,000,000.
This wastes our time and resources (Raji, 2019).

Since there is no simple and precise method to find all factors of a certain natural number, students
and teachers add a number which is not a factor of that number, and miss a number that is a factor of that
number during the time of finding all factors of a certain natural number (Rosen, 2020). To eliminate these
two problems, this study was conducted.

This study is used to show the simple and precise methods of finding all factors of a given natural
number, to point out the advantages of the simple and precise methods of finding all factors of a given
natural number, as a reference for teachers/students when they teach/learn factors of a natural number.

This study is based on a core concept of number theory “a factor of any composite natural number is
not out of the multiples of a prime factors of the number “(Sefinew, 2020). “No simple and premise method
to find all factors of a given natural number” was taken as the gap of the previously conducted researches.

2. RESEARCH METHODS

This study used classroom observation and document analysis data gathering instruments to gather available
data that were important to conduct the study. Class observations in classes 7-12 were used to understand
the problem of this study. The following concepts were taken from different materials as the preliminary
concepts of the study using document analysis.

Definition 2.1: A set of natural numbers, denoted by N, is a set of numbers which is described by
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N={1, 2, 3, 4,...} (Cameron, 2019).
Definition 2.2: Let x and y be two natural numbers. Then X is said to be a factor of y if and only if there
exists a natural number t such that y = tx. This means that x is a factor of y if and only if x divides y (Fine,
etal., 2017).
Example 2.1: 7 is a factor of 105 since there exists a natural number 15 such that 105 = 15 x 7.
Definition 2.3: A natural number is said to be
a. Prime number if it has exactly two distinct factors, namely 1 and itself.
b.Composite number if it has more than two distinct factors (Bordelles, 2022).
Remark 2.1: 1 is neither a prime nor a composite number (Zhao, 2017).
Example 2.2
1. Consider a natural number 13. Since 13 is divisible only by 1 and itself, it is a prime number.
2. Consider the natural number 16. The factors of 16 are 1, 2, 4, 8 and 16. Since 16 has five
distinct factors, it is a composite number.
Definition 2.4: When a number is expressed as a product of its prime factors, the expression is called the
prime factorization of a number (Fine, et al., 2017).
There are two methods to find the prime factorization of a number. These are
a. Tree Diagram Method
b. Tabular method (William, 2020).
Let us see these methods in the following examples.
Example 2.3
1. From Table 2.4.1, the prime factorization of 4500 is 22 x 32 x 53,
2. a. From Figure 2.4.1, the prime factorization of 64 is 2°.
b. From Figure 2.4.2, the prime factorization of 1000 is 23 x 53,

2| 4R G4 L0
2 | 2250 N
3| 1125 2 32 2 500
3| 375
Table 1 ———o- 2 16 2 250
—— 2 8 2 125
b ] b /,\
: 2 4 5 25
2 2 5 5
: 21 , 5 1
Figure 1 Figure 2

Definition 2.5: If a prime factorization of a natural number m is p;21x p,@2x --- x py?n, then the total
number of factors of m, denoted by T(m), is calculated by
T(m) = (a; + Dx(ay + 1)x--x(a, + 1) [3] [13].
Example 2.4 From Example 2.3, the prime factorization of
% 4500 is 2% x 32 x 53
o 64 is 2°
X 1000 is 23 x 53.

‘0

R/
*

*

Then the
1. T(4500) = 2+ 12+ 1B + 1) = 36
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2. T(64)=(06+1)=7
3. T(000) = B3+ 1B +1) =16
Definition 2.6: Let F and G be the finite sets of natural numbers. Then the SPAM of F and G, denoted by
F [s] G, is given by
F[s]G={y:y=a Xbforalla € F&allb € G,and X isan ordinary multiplication}.
Example 2.5: Let F = {1,2, 5} and G = {3, 4}, then the SPAM of F and G is given by
F[s] G = {1x3, 1x4, 2x3, 2x4, 5x3, 5x4}
= F[s]G ={3,4,6,8,15, 20}
Remark 2.2: Let F, G and H be the finite sets of natural numbers, then
> F [s] G = G [s]F. This is known as the commutative property.
> [F[s]G][s]H = F[s][G[s] H]. This is known as the associative property.
> The number of elements of F[s] G is less than or equal to the product of the number of
elements of F & the number of elements of G.
Theorem 2.1. If p is a prime factor of a natural number N, then the multiples of P <N can be the factors of
N. This idea is very important to develop the third steps in REM and SPAM methods (Tadesse, 2021).

3. RESULTS AND DISCUSSION
This study developed two methods which are important to find all factors of a given natural number using
the stated preliminary concepts. These methods are

a. SPAM method and

b. Method of using REM formulas.
These methods minimize anxiety and fatigue when students and teachers find all factors of a given natural
number.
A. SPAM method
To find all factors of a given natural number using the SPAM method, we must apply the following steps.
Step 1: Express the given natural number in prime factorization.
Step 2: Find the total number of factors of a given natural number.
Step 3: List all factors of a given natural number using the concept of SPAM. In this step, we have the
following three cases.
Case — one
Suppose that the prime factorization of a natural number mis p,2:. Then the set of all factors of m is
given by

B(m) = F[s]{1}

where F={p,:i=0,1, 2, -, a;}.
Case — two
Suppose the prime factorization of a natural number n is p,21x p,22z. Then the set of all factors of n is
given by

B(n) =F[s]G
where F ={p,:i=0,1,2, -, a;}and
G={p,:i=0,12, - a5}

Case — three
Suppose the prime factorization of a natural number w is p;?tx p,#2x p323. Then the set of all factors of
w is given by
B(w) = [F[s]G] [s]H

where F = {pli:i =012, -, al},

G= {pzj:j =0,1,2, -, az} and

H={ps5k=0,1,2, -, a3}
Remark 3.1.1
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% B(m), B(n) and B(w) denote the set of all factors of natural numbers m, n and w respectively.
+« In general, if the prime factorization of a natural number z is p;21x p,@2x -+ X p,@», then the set of
all factors of z is given by
B(z) = F1[s]F2[s] - [s]Fn
where Fy = {pki:i = 0,1,~--,ak} andk=1,2,-,n.
Example 3.1.1: Using SPAM method, let us find all factors of 64, 1000 and 4500.
a. From examples 2.3 and 2.4,
i The prime factorization of 64 is 2°.
ii. The total number of factors of 64 is 7.
LetF={21: i = 0,1,23,4,5.6}
=F = {1, 2, 4, 816,32,64}
Using case one (i.e. multiplying every element of F by 1),
B(64) =F [5]{1} = {1, 2, 4, 8, 16, 32, 64}
Hence, all factors of 64 are 1, 2, 4, 8, 16, 32 and 64.
b. From examples 2.3 and 2.4,
i. The prime factorization of 1000 is 23 x 53,
ii. The total number of factors of 1000 is 16.
LetF = {2': i =0,1,2,3} = {1,2,4,8}
G={5:j=0123} = {1,525,125}
Using case two (i.e. multiplying every element of F by every element of G),
B(1000) =F G={1,2,4,5,8,10,20, 25,40, 50,100,125,200,250,500,1000}
Hence, all factors of 1000 are 1, 2, 4, 5, 8, 10, 20, 25, 40, 50, 100, 125, 200, 250, 500 and 1000.
c. From examples 2.3 and 2.4,
i.  The prime factorization of 4500 is 22 x 32 x 53,
ii.  The total number of factors of 4500 is 36.
LetF = {21: i =0,1,2} = {1,2,4}
G=1{3:j=012} ={1,39
H ={5: k = 0,1,2,3} = {1,5,25,125}
Using case two (i.e. multiplying every element of F by every element of G) and case three (i.e.
multiplying every element of F [s] G by every element of H),
B(4500) = [F[s]G][s]H
= B(4500) ={1,2,3,4,6,9,12,18,36}[s|H
= B(4500) ={1,2,3,4,5,6,9, 10, 12, 15, 18, 20, 25, 30, 36, 45, 50, 60, 75, 90, 100, 125, 150, 180,
225, 250, 300, 375, 450, 500, 750, 900, 1125, 1500, 2250, 4500}
Hence, all factors of 4500 are 1, 2, 3, 4, 5, 6, 9, 10, 12, 15, 18, 20, 25, 30, 36, 45, 50, 60, 75, 90, 100, 125,
150, 180, 225, 250, 300, 375, 450, 500, 750, 900, 1125, 1500, 2250 and 4500.

B. Method of using REM formulas
To find all factors of a given natural number using REM formulas, we must apply the following steps.
Step 1: Express the given natural number in prime factorization.
Step 2: Find the total number of factors of a given natural number.
Step 3: List all factors of a given natural number using REM formulas. In this step, we have the following
three formulas.
R — formula
Let the prime factorization of a natural number x is p;2t, then we can find all factors of x by using the
following formula.
Rj=p;!
wherei=1, 2, 3, ---, (a; + 1). This formula is said to be the R — formula.
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E — formula
Let the prime factorization of a natural number y is p,21x p,?2, then we can find all factors of y by using
the following formula.

E] = Ri X pzj_l
where R; are the factors of p;2t; which are calculated using R —formula & j=1, 2, 3, -+, (az + 1).
This formula is said to be E — formula.
M —formula
Let the prime factorization of a natural number z is p;21x p,?2x p323 , then we can find all factors of z by
using the following formula.

Mk = E] X p3k_1

where E; are the factors of p;#1x p,2; which are calculated using E —formula & k=1, 2, 3, -,
(az + 1). This formula is said to be the M — formula.

Remark 3.2.1
1. The three formulas are said to be REM formulas.
2. We apply REM formulas when a natural number has at most three distinct prime factors.

But, by applying the pattern of REM formulas repeatedly, we can find all factors of a given natural
number that has more than three distinct prime factors.
Example 3.2.1: Using REM formulas, let us find all factors of natural numbers 32, 36 and 84.

a. Step 1: The prime factorization of 32 is 2°.

Step-2: T(32) =6.

Step -3: Let us find all factors of 32 using the R — formula.

R; = 2i=1; wherei=1, 2, 3,,6

>R, =21"1=1

R, =22"1=2
Ry =23"1=4
R,=2%1=38
R =21=16
Rg = 2671 =32

Hence, all factors of 32 are 1, 2, 4, 8, 16 and 32.

b. Step — 1: The prime factorization of 36 is 22x32.

Step—-2: T(36) =9.

Step -3: Let us find all factors of 36 using the E — formula.
Firstly, let us find the factors of 22 using the R — formula.

R; = 2i=1; wherei=1, 2, 3

>R, =1,R,=2andR; =4

Secondly, let us find the factors of 22 x 32 using the E — formula.
E; = Ry x 37%; wherej = 1,2,3

[ ] E1=RiX31_1=Ri
Since the values of i are 1, 2 and 3, then
R, =1ifi=1
E, ={R, = 2ifi=2
Ry = 4ifi=3
= E, =1,2and 4
[ ] EZ = Ri X32_1 = 3R1

Since the values of i are 1, 2 and 3, then
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3R, =3x2 =6ifi =2
3R; =3x4 =12ifi =3
= E, =3,6and 12
. E; =R;x3%3 1 =9R;
Since the values of i are 1, 2 and 3, then
9R; =9x1 =9ifi=1
E, {

3R; =3x1=3ifi=1
EZZ{

9R, = 9x2 = 18ifi =2
9R; = 9x4 = 36 ifi =3
= E; =9,18and 36
Hence, the values of E;, E, and E; are all factors of 36. That means, the factors of 36 are 1, 2, 3, 4, 6,
9,12, 18 and 36.
c. Step — 1: The prime factorization of 84 is 22x3x7.
Step —2: 1(84) = 12.
Step -3: Let us find all factors of 84 using the M — formula.
Firstly, let us find the factors of 22 using the R — formula.
R; = 2i=1; wherei=1,2,3
>R, =1,R,=2andR; =4
Secondly, let us find the factors of 22x3 using E — formula.
E; = Ry x 3171, wherej = 1,2
o E1=RiX31_1=Ri
Since the values of i are 1, 2 and 3, then

R, =1ifi=1
E1={R2=21fi=2
Ry = 4ifi=3
= E;, =1,2and 4
. E, =R;x3%71 = 3R

Since the values of i are 1, 2 and 3, then
3R; =3x1 =3ifi=1
E2:§3R2 =3x2=6ifi=2
3R; =3x4 =121ifi =3
= E, =3,6and 12
Thirdly, let us apply the M — formula to find the factors of 22 x 3 x 7.
My = E;x 751, wherek = 1,2
. M; = Ejx 7171 = E
Since the values of j are 1 and 2, then
M _{El =1,2and 4ifj =1
17 |E, =3,6and 12ifj = 2
=>M; =1,2,3,4,6and 12
. M, = Ejx7*7! = 7E;
Since the values of j are 1 and 2, then
_(7E; =7,14,28ifj =1
M, = {7E2 =21,42,84ifj =2
= M, =7,14,21,28,42 and 84
Hence, the values of M; and M, are all factors of 84. That means that the factors of 84 are 1, 2, 3, 4, 6, 7,
12, 14, 21, 28, 42 and 84.
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4. CONCLUSION
This study focused on methods of finding all factors of a given natural number. These methods are the
SPAM method and method of using REM formulas. The main advantage of these methods is minimizing
anxiety and fatigue when students and teachers list out all factors of a given natural number.

Before we deal with methods of finding all factors of a natural number, we must have the concepts of
a set of natural numbers, factor or divisor of a natural number, prime and composite humbers, prime
factorization of a natural number, formula for finding total number of factors of a natural number, and
SPAM of two finite sets of natural number.
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