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ABSTRACT

Determining the molar volume of a real gas requires solving the non-linear Van der Waals equation. This study aims to
compare the efficiency and accuracy between the Newton-Raphson Method and the Secant Method in solving the Van der
Waals equation using the Python programming language. The case study examined is finding the molar volume of methane
gas at a pressure of 56 atm and a temperature of 450 K. The comparison parameters used are the number of iterations and the
speed of convergence with an error tolerance of 107, The results show that the Newton-Raphson Method requires fewer
iterations, namely 4 iterations with a computational time of 0.00012 s. Meanwhile, the Secant Method requires more iterations,
namely 6 iterations and a computational time of 0.00015 s. The Newton-Raphson Method is less practical because it requires
the calculation of the derivative of the function, while the Secant Method is more practical to be applied to Python scripts
because it only requires the calculation of the Van der Waals equation function.
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1. INTRODUCTION

In mathematics learning, numerical modeling methods are one of the most effective tools to help
students solve mathematical models in applied problems in engineering, physics, and chemistry
(Kongprawechnon, 2018), (Putawa, 2023). Numerical methods are not a substitute for analytical
methods, but an essential complement (Kiusalaas, 2015), (Nur Alisa, 2025). Analytical methods provide
theoretical foundations, precision, and structural understanding, while numerical methods equip
students with practical tools for real-world problems and develop computational thinking (Moheuddin,
2019), (Wajib Pandia, 2021). The combination of the two in the curriculum creates a more complete,
relevant, and application-ready understanding of mathematics (Rika Nadila, 2022), (Azure, 2019).

In thermodynamic studies, for example, the ideal gas physical model is often not accurate enough
to describe the behavior of gases at high pressures or low temperatures (Smith, 2017). In an ideal gas,
particles are considered small points with no volume, allowing them to move freely in space. Meanwhile,
real gases have volume, although quite small, but this volume is related to the degrees of freedom of
movement in space. The ideal gas model assumes that there are no attractive or repulsive forces between
particles. Particles interact only during perfectly elastic collisions. In real gases, there are attractive
forces resulting from chemical bonds between atoms. At low temperatures, for example, kinetic energy
decreases, particles move slowly, and attractive forces (Van der Waals or London dispersion) appear.
Therefore, the limitations of the ideal gas model are corrected through the Van der Waals equation to
correct for intermolecular interaction forces and obtain the molar volume parameter expressed by
equation (1) (Wibowo, 2022).

(P+V%)(V—b)=RT )
where P: pressure (atm)

V: volume (L)

T: temperature (K)

R: gas constant (J/mol.K)

a, b: parameters according to real-world conditions (experiment)
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Mathematically, equation (1) is a third-degree polynomial with respect to volume V. Finding the
roots of polynomial or non-linear equations analytically is often quite complex, so numerical methods
are a practical solution (Sutrisno, 2023). Two effective and simple numerical methods are the Newton-
Raphson method and the Secant method (Chapra, 2021), (Sunandar, 2020).

Fig. 1. Methane gas molecules (Wibowo, 2022)

This study examines the performance of the Newton-Raphson method and the Secant method in
the Python programming environment to provide recommendations on which method is more optimal
in obtaining the root value of a polynomial function (Nwry, 2021), especially in solving the Van der
Waals equation in the case of finding the molar volume of methane gas as depicted in Figure 1.

2. RESEARCH METHOD

This study uses a numerical computational approach by comparing two numerical methods. The two
methods compared are the Secant Method and the Newton-Raphson Method. In this study, the
indicators of the numerical methods that are compared are: the number of iterations, iteration time and
convergence speed to reach the root value of the equation. These two methods are used to obtain the
polynomial root values of equation (1). The method that is able to obtain the root value with the fastest
iterations or the fewest steps is considered the best method , (M., 2023), (Wibowo, 2022), (Khoiriyah,
2021). The convergence tolerance used in this study is 10-7. This means that when the difference
between the next root value and the previous root value reaches 10-7, the iteration is stopped and the
root value has been found.

2.1 Model Persamaan Polinomial

The Van der Waals equation is rearranged into a function f{¥) which is in the form of a polynomial
function, expressed by equation (2),

f(V)=PV3—(bP +RT)V?+aV —ab = 0. (2)
2.2 Numerical Algorithms
1. Newton-Raphson Method: Requires one initial guess value (V) and the first derivative of the
function f°(V). The iteration formula of the Newton-Raphson Method is stated by equation (3),
_ fVn)
Visr = Vo = 50,5 3)
With f(V) expressed by equation (2), the analytical derivative of the function is expressed by equation

().
f'(V) =3PV2—2(bP +RT)V +a (4)

2.Secant Method: Requires two initial guess values (Vo, Vi) without needing to find the function
derivative. The Secant Method formula is stated by equation (5),
Vn—Vn-1

Vg1 = Vo — f(Vn)m )

The flowchart of the algorithm for finding the molecular volume value or the root value of a
polynomial is described in Figure 2.
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Fig. 2. Algorithm of the Newton-Raphson method and the Secant method

The Newton-Raphson method (Sechenov P.A., 2022):

1. Initialization: Enter the constants P, 7, R, a, b, the initial guess V), and the error/ tolerance &.

2. Function definition: Write the function/mathematical model f(V) and the derivative of the function
7).

3. Newton Raphson Iteration: Calculate the volume value: View = Voia — [f(Void)/f (Void)].

4. Convergence: Check whether |Vyew -Voa| < error/tolerance &

If Yes, then display the result Ve as molar volume. If No, then update Vi, = Vyew and repeat step
3.

The Secant method (Sechenov P.A., 2022):

1. Initialization: Enter the constants P, 7, R, a, b, the initial guess V and V;, and the error/ tolerance &

2. Function definition: Write the function/mathematical model f{'V).

3. Secant Iteration: Calculate the volume value: V,..,= V> using the slope of the line between (V5 f(V1))
and (Vi f(V1)).

4. Convergence: Check whether |V -V;| < error/tolerance &
If Yes, then display the result V., = V> as Molar Volume. If No, then update V) = V;and V; = V>
and repeat step 3.

2.3 Implementation of Algorithms with Python Programming
Language: Python 3.11 equipped with libraries: NumPy (for computation) and Matplotlib (for
visualization)
Case Study: Ammonia (NH,4) gas at P =56 atm and T =450 K.
The value of a=4.17 L2.atm/mol2. The value of a represents the magnitude of the attractive forces
between gas molecules.
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3. RESULTS AND DISCUSSION
A snippet of the Python programming script to solve the Van der Waals equation case study to find the
molar volume of methane gas is depicted in Figure 3.

a = 4.17

b = 0.0371

E = {0.08208 4 Konstanta gas ideal (L.atm/mol.K)

P = 56 $# Tekanan ({atm)

T = 450 $# Suhu (K)

# 1. Definizsi Fungsi f(V) dari Persamean WVan der Waals
g £(V) = FW~3 - (Fk + RT)V~2 + &8V - ab = 0

def £(V):

return B * W**3 - (P * b + R * T) * W**2 + a #+ V- g * b

# 2. Defini=zi Turunan Fungsi £' (V) untuk Hewton-Raphson
def df(V):
recturn 3 * P ¥ YWi*3 — 3 % (P * b + R * T) *# V 4+ a

# 3. Implemnsntasi Metcde Hewton-Raphscon
def newton_ raphson(vd, tol, max_iter):
history = []
w = wh
for 1 in range (max iter):
fv = £(v)
dfv = df({wv)
if dfv = 0: break
v_next = v — fv / dfv

history.append(v_next)
if abs({v_next - w) < tol:

return v_next, i + 1, history
¥ = V_NEeXt
return v, max iter, history

Implementasi Metode Secant

gecant (v0, wl, tel, max iter):

history = []

w_prev w0

W_Ccurr vl

for 1 in range (max iter):
fv_curr = f£{v_curr)
fv _prev = L{v_prev)
if (fv_curr - fv _prev) == 0: break
v_next = v_curr — fv_curr * (v_curr - v_prev) / (fv_curr — fv_prewv)
history.append(v_next)
if abs({v_next - v_curr) < tol:

return v_next, i + 1, history

V_prev = v_Curr
V_Curr = v_next

return v_curr, max iter, history

Lo
I
[N

# ——— Parameter Pengujian ——-—

toel = 1e-7

max iter = 100

vl _nr = 0.5 # Tebakan awal HNE

w0_gec, vl _sec = 0.4, 0.5 # Tebakan awal Secant

Fig. 3. Python script implementing the Newton Raphson method and the Secant Method
Based on the computations carried out with a tolerance of ¢ = 1077, the data obtained are as in Table 1.

Table 1. Calculation Results of the Secant Method and the Newton-Raphson Method

Comparison Parameters Secant Method Newton Raphson
Method
Initial Guess Vo=0,4 and V,=0,5 Vo=0,5
Number of Iteration 6 4
Root (Molar Volume) 0.5755+107 L/mol ~ 0.5755+107 L/mol
Execution Time (average) 0.00015 s 0.00012 s

Based on Table 1, the comparative results show that the Newton-Raphson method has better
computational efficiency than the Secant method in determining the molar volume of gas, even though
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both produce identical root values of 0.5755+10-7 L/mol. This advantage is reflected in the fewer
number of Newton-Raphson iterations, which are achieved in the fourth iteration while with the Secant
method the root value is obtained in the sixth iteration. This has a direct impact on the shorter average
execution time (0.00003 s) the time difference between the Newton-Raphson method and the Secant
method. In addition, in terms of input parameters, Newton-Raphson is proven to be more practical
because it only requires one initial guess (V0=0.5), while the Secant method requires two initial guesses
(V0=0.4 and V1=0.5), so that from the number of iterations and iteration time indicators the Newton-
Raphson method provides more optimal performance to achieve convergence in this calculation.

The convergence rate of the iteration process of both methods is presented in Figure 4. The
mathematical function of the Van der Waals equation and the molar volume value are analytically
presented in Figure 5.

Convergence rate comparasion: NR vs Secant

0.75 A —8— Newton-Raphson
Secant
- Convergent Value
0.70 A
3
£
3
T
£ 0.65 T
E
=4
=
o
Z 0.60
0.55 A

Iteration

Fig. 4. Convergence rate of the Secant method and the Newton Raphson method

100 Van der Waals Graphic for CH,

— f(V) Polinomial
=== Line iV)=0
751 @ Roots (V= 0.5755)

-10.0

0.0 0.2 0.4 0.6 0.8 1.0
Molar Volume V (L/mol)

Fig. 5. Graph of the Van der Waals equation and the root value of the function
A comparative analysis of the Secant Method and the Newton Raphson Method in terms of convergence,

ease of implementation in the Python programming language, efficiency and accuracy of numerical
solutions is presented in Table 2.
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Table 2. Comparison of the Secant Method and the Newton Raphson Method

Secant Method

Newton Raphson Method

Convergence

Convergence is slower than the
Newton-Raphson method, as
seen from the greater number of
iterations (6 iterations).
However, this method has the
advantage that it only requires
the definition of a mathematical
function f(V) that is continuous
on the interval Vo and Vi. In
cases where the first derivative
of a mathematical function is
difficult to determine
analytically, the Secant method
is recommended for wuse
because it does not require
information about the definition
of the first derivative of the
mathematical function.

Shows quadratic convergence,
as seen from the smaller
number of iterations (4
iterations). In cases that require
long iteration steps, the Newton
Raphson method is
recommended because it has
implications for the computer
memory required. However,
this method has a weakness if
the derivative f\(V) is difficult
to determine or is close to zero.

Ease of Implementation in Excellent, efficient and Excellent, efficient, but less
Python Language practical in writing Python practical if the mathematical
scripts considering that it is derivative  function  f(V)
enough to write the definition involves certain Python library
of mathematical functions. (V) functions
(Kiusalaas, 2015)

Efficiency Time to get the solution of the The time to obtain the solution
root value of the function or for the root value of the
molar volume = 0.00015 s. In function or molar volume =
large computations, it is less 0.00012 . In large
efficient in terms of computations, it is very
computation time to achieve efficient in terms of
numerical convergence. computation time to achieve

numerical convergence
(Osniman  Paulina  Maure,
2024).

Accuracy Accurate, in the case of finding Accurate, in the case of finding

the molar volume value of CHa,
the value obtained is close to
the analytical value, namely V
=(0.5755 L/mol with a tolerance
of 107

the molar volume value of CHg,
the value obtained is close to
the analytical value, namely V
=0.5755 L/mol with a tolerance
of 107

4. CONCLUSION

Both methods successfully found the molar volume of methane gas with identical accuracy. The
Newton-Raphson method is the best method if speed is the main priority and the derivative function
can be easily defined. In the case of finding the molar volume of CH4 gas, at a pressure of 56 atm and
a temperature of 450 K, with an error tolerance of 10”7 m, the Newton-Raphson method provided
superior results, reaching convergence after 4 iterations with a computational time of 0.00012 s, while
the Secant method reached convergence after 6 iterations with a computational time of 0.00015 s. The
Secant method is more recommended practically when the derivative function is difficult to determine

and write in a Python script.
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