Al-Hisab: Journal of Islamic Astronomy | e-ISSN: 3046-8515

Vol.2, No.2, June 2025, pp. 117 - 124

The Math of Moon Phases: A Calendar in the Sky

Dini Rahmadani?

LUniversitas Negeri Medan, Indonesia
Email: dn.rahmadani@gmail.com

Article Info

ABSTRACT

Article History

Received 2025-05-11
Revision 2025-05-28
Accepted 2025-06-16

Keywords:
Math

Moon
Calendar
Sky

The Moon’s phases follow a predictable cycle that can be precisely
described and analyzed using mathematical concepts such as
fractions, periodic functions, and modular arithmetic. This study
quantitatively examines the synodic lunar cycle, approximately
29.5 days, by dividing it into eight principal phases and modelling
the illumination fraction of the Moon’s visible surface over time.
Using modular arithmetic, the lunar phase cycle is represented as
a repeating sequence, allowing calculation of phase progression
and time intervals between phases. The approach includes
fraction analysis of illuminated portions corresponding to each
phase —ranging from 0 (new Moon) to 1 (full Moon) —and using
modular functions to model the cyclical nature of lunar phases
over multiple months. Mathematical expressions are derived to
predict the occurrence of each phase given a starting reference
point, enabling calendar-based forecasting.

Results demonstrate that the lunar phase cycle can effectively
segment into discrete time intervals averaging approximately 3.7
days per phase, matching observed astronomical data. The
modular arithmetic framework accurately represents phase
progression and provides a simple computational model for
predicting future phases within the Ilunar month. This
quantitative mathematical analysis of Moon phases reinforces the
Moon’s role as a natural calendar and illustrates how
fundamental mathematical principles can describe natural
celestial phenomena. Such a model is useful in educational
contexts and in developing simplified algorithms for lunar phase
prediction.
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Introduction

The Moon’s changing appearance has fascinated humans for millennia and served as
a natural timekeeper for agricultural, religious, and cultural activities. Unlike the Sun,
whose position changes gradually and less predictably throughout the year, the Moon’s
phases follow a remarkably regular and observable cycle lasting approximately 29.53
days, known as the synodic month [1]. This cycle consists of eight distinct phases — New
Moon, Waxing Crescent, First Quarter, Waxing Gibbous, Full Moon, Waning Gibbous,
Last Quarter, and Waning Crescent—that continuously repeat, providing a reliable
celestial rhythm.

Mathematically, these lunar phases represent periodic phenomena and fractional
illumination, concepts that can be explained using fundamental principles such as
fractions, harmonic cycles, and modular arithmetic [2]. The mathematical understanding
of lunar phases enriches the knowledge of celestial mechanics and orbital dynamics and
provides practical tools for timekeeping and calendar development. Various lunar and
lunisolar calendars—such as the Islamic (Hijri), Chinese, and Hebrew calendars —are
based on these natural cycles [3]. These calendars use the synodic month as a
fundamental unit to organize months, religious observances, and festivals, highlighting
the enduring significance of lunar phase mathematics across different civilizations.

Despite the Moon’s apparent simplicity as a celestial object, its phases represent a
complex and dynamic interaction involving the principles of geometry, astronomy, and
mathematics. The continuously changing appearance of the Moon — from New Moon to
Full Moon and back—is governed by the spatial geometry of the Earth-Moon-Sun
system. Specifically, the fraction of the Moon’s surface illuminated by the Sun and visible
from Earth varies smoothly and predictably as the Moon orbits the Earth. This observable
phenomenon, known as the lunar phase cycle, is a direct consequence of the angle
formed between the Earth, Moon, and Sun in three-dimensional space. Accurately
describing this illumination requires consideration of spherical geometry and the orbital
mechanics of celestial bodies, particularly the Moon’s elliptical path and inclination
relative to the ecliptic plane [4]. This cyclic variation in brightness — perceptible to both
the naked eye and through precise photometric measurements —is not only central to the
tield of astronomy but also plays a vital role in numerous cultural and practical systems.
For millennia, societies have used the lunar cycle as a natural chronometer, forming the
basis for various religious observances, agricultural planning, and the development of
lunar and lunisolar calendars such as the Islamic Hijri calendar and the traditional
Chinese calendar [3]. From a mathematical standpoint, modelling the Moon’s phase
variation provides a robust method for predicting each phase's occurrence, duration, and
visual characteristics. The synodic month, approximately 29.53 days, is the fundamental
time unit for these calculations. By partitioning this continuous cycle into discrete phase
intervals — typically eight primary phases: New Moon, Waxing Crescent, First Quarter,
Waxing Gibbous, Full Moon, Waning Gibbous, Last Quarter, and Waning Crescent — it
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becomes possible to analyze lunar motion using modular arithmetic and periodic
functions [5]. Each phase can be represented as a point within a repeating cycle, where
time modulo 29.53 days determines the corresponding phase. This abstraction enables
efficient computation and visualization of the phase sequence and deepens our
understanding of the relationship between orbital dynamics, temporal progression, and
observable light variation.

Furthermore, this mathematical framework supports educational efforts by linking
abstract mathematical concepts such as fractions [6], cycles, and modularity to real-world
phenomena. In this way, studying lunar phases exemplifies how interdisciplinary
knowledge — combining observational astronomy with mathematical modelling —can
yield scientific insight and culturally meaningful applications.

Such mathematical formalization provides an accessible, elegant, and robust model
for understanding the lunar cycle [7]. This model enables systematic interpretation and
accurate prediction of lunar phenomena by abstracting the Moon’s observable behaviour
into quantifiable components —such as illumination fraction, synodic period, and phase
index.

Figure 1: lllumination Fraction over One Lunar Cycle
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Figure 1. llumination Fraction over One Lunar Cycle

This mathematical clarity has proven essential in constructing lunar and lunisolar
calendars, which are still widely used across various cultures and religions. For instance,
the Islamic Hijri calendar relies entirely on observing or calculating the New Moon (hilal)
[3]. The Chinese and Hebrew calendars use a combination of lunar phases and solar
corrections to define months and years [8]. Beyond its calendrical utility, the lunar phase
model holds significant educational value. It serves as a didactic bridge between
disciplines, offering students and scholars a tangible way to explore abstract
mathematical ideas such as periodic functions, modular arithmetic, fractions, and
geometric visualization through a familiar natural phenomenon [5]. This

Dini Rahmadani S. The Math of Moon Phases: A Calendar in the Sky | e-ISSN: 3046-8515




Al-Hisab: Journal of Islamic Astronomy
Vol.2, No.2, June 2025, pp. 117 - 124

II.

interdisciplinary framework encourages inquiry-based learning and fosters scientific
literacy by contextualizing theoretical concepts within the natural world's rhythm.

Moreover, by integrating geometry, timekeeping, and cyclical patterns, the lunar
phase model illustrates how celestial mechanics can be transformed into practical and
culturally significant systems. It demonstrates how natural periodicity, once observed
and recorded by early civilizations [9], has evolved into a formal mathematical system
that supports modern scientific analysis, technological applications (such as
astronomical software and lunar simulations), and cultural continuity. In doing so,
studying lunar phases highlights the enduring connection between observational
astronomy, mathematical reasoning, and societal development.

Method

This study employed a quantitative approach using mathematical modelling to
represent and analyze the Moon’s phase cycle. The synodic lunar month, which lasts
approximately 29.53 days, was divided into eight equal segments, each corresponding to
a major phase: New Moon, Waxing Crescent, First Quarter, Waxing Gibbous, Full Moon,
Waning Gibbous, Last Quarter, and Waning Crescent [10]. This division allowed for a
consistent temporal framework to classify lunar phases. To model the fraction of the
Moon’s visible illumination over time, a cosine-based function (1) was used:

F(t)=21(1-cos(2mt/T)) ... (1)

Where t represents time in days, and T is the length of the synodic month. This
function describes the cyclical increase and decrease in the Moon’s illuminated portion,
corresponding to its orbit around the Earth. Additionally, modular arithmetic was
applied to handle dates and times beyond one lunar cycle. By reducing any time value
modulo the lunar period (t mod T), the model effectively maps any calendar date to a
specific point in the lunar cycle. This enables the prediction of lunar phases for any given
date, demonstrating the periodic nature of the Moon’s appearance.

ITI. Results and Discussion

The mathematical segmentation of the 29.53-day synodic month into eight equal
intervals of approximately 3.69 days proved effective in representing the eight principal
lunar phases. Each interval was assigned a specific phase designation based on its relative
position in the lunar cycle, beginning with the New Moon (0-1.85 days) and progressing
sequentially through Waxing Crescent (1.85-5.54 days), First Quarter (5.54-9.23 days),
Waxing Gibbous (9.23-12.92 days), Full Moon (12.92-16.61 days), Waning Gibbous
(16.61-20.30 days), Last Quarter (20.30-23.99 days), and Waning Crescent (23.99-27.68
days), before completing the cycle back at New Moon (27.68-29.53 days ~ 0 day).
Although this approach involves uniform segmentation and does not account for slight
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variations in the timing of phase transitions due to orbital eccentricity, it nonetheless
provides an efficient and intuitive approximation that aligns closely with observational
data.

To describe the changing brightness of the Moon across these phases, an
illumination fraction function—modelled as a sinusoidal or cosine-based periodic
function —was employed. This function (see Equation 1) generated a smooth, continuous
curve representing the visible illuminated portion of the Moon as seen from Earth. As
shown in Figure 2, the curve begins at zero illumination during the New Moon, increases
to full illumination at approximately day 14.77 (corresponding to the Full Moon), and
then symmetrically decreases back to zero at the end of the cycle. This mathematical
model successfully captures the waxing (increasing brightness) and waning (decreasing
brightness) transitions that define the lunar phases, offering visual and quantitative
clarity. The curve’s periodicity and symmetry reflect the regular nature of the Moon's
motion in its orbit and provide a reliable foundation for further analysis in pedagogical
and calendrical contexts.
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Figure 2: Lunar Cycle Phase Segmentation

Furthermore, modular arithmetic proved effective in identifying the corresponding lunar
phase for any given day, regardless of where it falls in the calendar. By reducing the day
number modulo 29.53, each time point could be mapped back into the 0-29.53 day cycle
of the Moon. For example, day 35 in the cycle corresponds to

35 mod 29.53=5.47,
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placing it within the First Quarter range.
Similarly, day 60 reduces to :
60 mod 29.53=0.94 days,

Aligning it with the New Moon phase. These calculations illustrate the cyclical nature of
the Moon’s phases and confirm the utility of modular arithmetic in predicting lunar
appearances at any given time.

This confirms that the phase cycle is effectively cyclic and predictable using basic
mathematical operations. The results validate that the lunar phases can be systematically
modelled and forecasted using simple yet powerful mathematical tools. The quantitative
analysis confirms that the Moon'’s phases can be effectively modelled as a repeating cycle
segmented into discrete intervals, with a simple cosine function accurately describing
illumination fractions. This mathematical approach highlights the natural periodicity and
symmetry inherent in the synodic lunar month.

Dividing the lunar cycle into eight equal-time segments provides a practical and
intuitive framework for classifying lunar phases. Although actual lunar phase durations
vary slightly due to orbital eccentricities and the Moon’s elliptical orbit, the equal division
approximation offers sufficient accuracy for educational and predictive purposes. Using
equation (1), the illumination fraction model captures the gradual waxing and waning of
the Moon’s visible surface. This smooth periodic function effectively represents the
continuous nature of lunar illumination rather than treating phases as discrete, isolated
states. Such modelling can be extended to calculate the precise illuminated area or
brightness levels for applications in astronomy and calendar calculations.

Utilizing modular arithmetic to map any time value onto the lunar phase cycle
emphasizes the repetitive nature of lunar phases and provides a clear computational
method for phase prediction. This method can be implemented in algorithms for lunar
calendars, astronomy apps, and educational tools, offering a straightforward mechanism
for determining lunar phases on any given date. This study demonstrates how
fundamental mathematical concepts—fractions, periodic functions, and modular
arithmetic — combine to model and predict a natural celestial phenomenon. This approach
underscores the connection between mathematics and astronomy and highlights the
Moon as a living example of cyclic patterns in nature. Future work could incorporate
more precise orbital dynamics and observational data to refine phase boundaries and
account for variations caused by libration and eccentricity. This mathematical framework
can also be adapted to study other celestial cycles, such as planetary phases or eclipses.
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IV. Conclusion

This study quantitatively analyzed the Moon’s synodic phase cycle using
mathematical tools, including fractions, periodic functions, and modular arithmetic. By
dividing the approximately 29.5-day cycle into eight equal phases and modelling the
illumination fraction as a cosine function, the cyclical nature of lunar phases was
effectively captured and predicted. The modular arithmetic approach demonstrated a
clear and simple method to determine the lunar phase on any given day by mapping
time within the repeating lunar cycle. The mathematical model aligns closely with
observed phase durations and illumination patterns, validating its use as a natural
calendar framework. These findings highlight how basic mathematical principles can
describe and predict natural celestial phenomena, reinforcing the interdisciplinary
connection between mathematics and astronomy. Such modelling provides accessible
tools for educational purposes, calendar construction, and astronomy applications.
Future enhancements could involve incorporating more detailed orbital parameters to
increase prediction accuracy. Overall, the Moon’s phases are a compelling example of a
“calendar in the sky” where mathematics and astronomy meet in a natural and
observable cycle.
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